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Abstract. The formation of density waves and the effect of wall roughness on
them are studied using molecular dynamics simulations of gravity-driven granular
Poiseuille flow. Three basic types of structures are found in moderately dense flows:
a plug, a sinuous wave and a slug; a new varicose wave mode has been identified in
dense flows with channels of large widths at moderate dissipations; only clump-like
structures appear in dilute flows. The simulation results are contrasted with the
predictions of a linear stability analysis of the kinetic-theory continuum equations
for granular Poiseuille flow. The theoretical predictions on the form of density
waves are in qualitative agreement with simulations in denser flows, however,
there are discrepancies between simulation and theory in dilute flows.

1 Introduction
A collection of macroscopic solid particles, known as granular material, is ubiquitous in a variety
of chemical processing and agricultural industries as well as in nature. Under strong external
driving, the granular material is in the “rapid” flow regime [1–5] and resembles a molecular
fluid, with particles moving around randomly – this is the well-known “granular” gas state. As
in molecular fluids, the particle collisions are assumed to be binary and instantaneous, with
one major difference being the inelastic nature of collisions. It turns out that the “dissipation”
of energy associated with inelastic collisions is responsible for a host interesting behavior in
granular gases. Over the past two decades, it has been shown that the kinetic theory continuum
models [6–17] are able to capture a variety of dynamical features of a granular gas.
The formation of particle clusters (density inhomogeneity) due to inelastic collisions is one
among the host of interesting phenomena exhibited by granular materials[18–26]. Clustering in
a freely cooling granular gas can be understood using intuitive arguments [19]: The density in
certain regions can increase due to fluctuations, without any change in granular temperature,
leading to an increased number of collisions compared to neighbouring areas. Since the collisions
are inelastic, an increase in the collision rate would mean a greater rate of loss of energy and
hence a lower granular temperature, leading to a decreased pressure in the denser region. The
pressure difference would lead to a migration of particles from the surrounding region to the
denser region, leading to a further increase in the density and decrease in pressure. The cluster
thus formed would continue to grow until it is arrested by some other mechanism like diffusion.
In this paper we investigate the formation of density waves in gravity-driven granular
Poiseuille flow (GPF) using both molecular dynamics simulations and linear stability analyses. The density waves in bounded granular flows have been studied by various authors [27–33].
A lattice-gas automaton model was used to study the formation of density waves in a vertical
a
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pipe [27]. It was found that both dissipation and roughness of the walls of the pipe were essential
for the emergence of density waves and were observed only when the average density of the system was in a certain range. In an experimental measurement of granular materials flowing down
a capillary tube [29], density waves formed only at intermediate flow rates between a low density
free fall regime and a high compactness slower flow. A study of granular flow through a narrow
vertical pipe described using the Langevin equation [30] showed that above a critical density the
homogeneous flow becomes unstable with respect to short-wave length perturbations. A linear
stability of the equations of motion for granular particles through a vertical channel showed
that the base state is unstable to perturbations in the form of density waves [31]: three different
types of unstable modes were identified from the linear stability analysis.
A molecular-dynamic simulation was performed to study the gravity-driven flow of granular
particles in a vertical channel by Liss et al. [33]. Three distinct types of density waves were
identified: a plug, an S-shaped wave and a slug; the dynamics of large systems were found to be
qualitatively different from those of small systems. In the above work [33], the range of particle
volume fractions investigated spanned between 0.25–0.38, representing moderately dense flows;
no results were presented for dilute and dense flows. In the present paper, the density waves
have been explored in greater detail by examining their structure in different density regimes; in
addition, the effect of wall-roughness on the formation of density waves is systematically studied.
A Fourier analysis of the density field is carried out to quantify the modes of instability and to
analyze the temporal structures of the density field in this flow. We show that the wall roughness
significantly affects the formation of density waves in a narrow channel. We have identified a
new varicose-type (symmetric) density wave in dense flows (not observed in Ref. [33]) which is
in qualitative agreement with the predictions of the linear stability analysis of rapid granular
continuum equations. Lastly, we found that the linear stability predictions on density waves are
in variance with simulation results for dilute flows.

2 Simulation method
Figure 1 shows a schematic of the simulated system which is a channel of length L along
the periodic x-direction and bounded by two plane solid walls, parallel to the x-direction,
with a separation of width W (along the y-direction). The granular materials, consisting of
N identical rigid and smooth disks of equal mass m and diameter d, are driven by gravity (g
being the gravitational acceleration) along the x-direction. The interactions that are allowed
are instantaneous ‘dissipative’ collisions between pairs of particles and between a particle and
either of the walls. The dissipative nature of particle collisions is characterized by the coefficient
of normal restitution, en , which is given by the following expression:
k·c!ij = −en (k·cij ),

(1)

where cij and c!ij represent the pre- and post-collisional relative velocities and k is the unit
vector directed along the line joining the centers of particle i and particle j. Since the particles
are assumed to be smooth, there is no relative tangential velocity. An event-driven algorithm
has been used to simulate the evolution of particles in time [34–36].
The solid walls are modeled as frictional surfaces, and a particle colliding with a wall is
analogous to a particle colliding with a particle of infinite mass moving at the velocity of the
wall. A single parameter, coefficient of tangential restitution for particle-wall collisions βw , has
been used to model the frictional properties of walls [33–35]. It is defined as the average fraction
of relative tangential momentum transmitted from a particle to the wall during a particle-wall
collision. The collision rule of a particle-wall collision is given by:
c!x = βw cx

and c!y = −ew cy ,

(2)

where ew is the normal restitution coefficient for particle-wall collisions; we have set ew = 1 for
all results presented in this paper. In simulations, a specific value of βw determines the roughness
of the wall: βw = 1 corresponds to a perfectly smooth wall for which the tangential velocity
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Fig. 1. Schematic of granular Poiseuille flow (GPF) which is a gravity-driven flow of particles in a
channel.

of particle remains same upon a particle-wall collision; βw = 0 corresponds to a rough wall
for which the dissipation of energy at walls is maximum and there is no relative tangential slip
between the particle surface and the wall upon a wall-particle collision; βw = −1 corresponds to
a perfectly rough wall for which the tangential velocity of particle reverses upon a particle-wall
collision.
There are five control parameters in this problem: the average volume fraction of particles
(ν), the coefficient of normal restitution (en ), the wall roughness (βw ), the channel width (W/d)
and the channel aspect ratio (L/W ). The mean/average volume fraction,
2

ν = πN /4 (L/W ) (W/d) ,

(3)

can be varied by changing the total number of particles (N ) or the physical dimensions of the
system (W/d and L/W ). In the present simulation, we have fixed particle diameter d at unity,
and varied the particle number N , the channel width W/d, and the channel aspect ratio L/W
to change the average volume fraction.
In GPF, the loss of kinetic energy due to particle-particle and particle-wall collisions is compensated by the work done on the flow due to the body force (gravity) after long enough time;
consequently, a steady GPF is attained for any dissipation-level (en < 1) and wall roughness
(βw < 1). This is in contrast to the gravity-driven Poiseuille flow of elastic (en = 1) particles
with smooth walls (βw = 1) for which a thermostat is needed to attain a steady state. The
statistical steady-state of GPF was ascertained by monitoring the temporal evolution of the average kinetic energy of the particles which reached some constant value after initial transients,
see Fig. 2.
2.1 Fourier analysis of density field
Here we provide a brief description of Fourier analysis of the density field [18,21,33] which is
used to quantify the modes of instability and the temporal structure of the flow. The simulation
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Fig. 2. Time trace of average kinetic energy (E) of the particles for ν = 0.31, en = 0.85, βw = 0.6,
L/W = 2 and W/d = 31. The temporal structures of the flow at different times, t = 4, 50 and 150,
indicated by circles, are shown in Fig. 3.

box is divided into N1 × N2 cells to obtain density field in the form of a matrix at N1 × N2
points. Note the subscripts 1 and 2 refers to x and y coordinate directions, respectively. The
two dimensional FFT (fast Fourier transform) subroutine in MATLAB is used to find complex
Fourier expansion coefficients, X which are used to compute the power spectra. The values of
the power matrix, P, are given by the following expression:
P=

2.X.conj(X)
(N1 N2 )2

(4)

The power spectra is normalized by the size of matrix to remove its dependence on the mesh
size. It is represented as a surface plot and the peaks appearing in this plot are amplitudes
corresponding to coefficients |αx,y | in the Fourier series αx,y exp[2πi((kx x/L) +(ky y/W ))],
where kx and ky are the wavenumber along the x- and y-directions, respectively, which are
represented as coordinate values in such surface plots. For example, a peak in the surface plot
of the power spectra at (kx , ky ) = (0, 1) represents a density field which is inhomogeneous in the
y-direction (since ky #= 0) and homogeneous in the x-direction (since kx = 0). Similarly, a peak
at (kx , ky ) = (1, 1) represents a density field which is inhomogeneous in both x-and y-directions
(since kx , ky #= 0).

3 Simulation results on density waves
3.1 Moderately dense flows: Plug, sinuous wave and slug
We begin our study by probing density waves in moderately dense flows by setting the particle
volume fraction to ν = 0.31. The density waves are studied by varying the width of the channel
W/d, the length (L/d) or the aspect ratio of the channel L/W , the restitution coefficient en
and the tangential restitution coefficient for particle-wall collisions (i.e. the wall roughness) βw .
In addition we probe the effect of the asymmetry of wall-roughness (i.e. the two walls have
different roughness, βwl #= βwr ) on density wave formation.
A time trace of the average kinetic energy of the particles is shown in Fig. 2 for ν = 0.31,
en = 0.85, L/W = 2 and W/d = 31. To analyze the temporal evolution of structures, we
consider the flow at three different time instances, t = 4, 50 and 150, indicated by filled circles
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Fig. 3. Temporal evolution of instantaneous particle positions (left panels) and the corresponding
power spectra of the density field (right column) at different times. A transition from (a) a plug flow at
t = 4 to a sinuous wave in the steady state at (b) t = 50 and (c) t = 150. The parameters are ν = 0.31,
en = 0.85, βw = 0.6, L/W = 2 and W/d = 31 for symmetric wall-roughness. The flow is from top to
bottom.

in Fig. 2. The particle positions at these times and the corresponding power spectrum of the
density field are displayed in Fig. 3. It is clear that as the time progresses the density waves
undergo a transition from a plug at small times, to a one-humped sinuous wave at steady state.
The power spectrum of a plug flow has a peak at (kx , ky ) = (0, 1) in Fig. 3(a) which represents
a density field which is inhomogeneous along the gradient (y) direction and homogeneous along
the stream-wise (x) direction – therefore, a plug represents a one-dimensional wave. On the
other hand, (one-humped) sinuous wavy flow gives rise to an additional peak at (kx , ky ) = (1, 1)
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Fig. 4. Same as Fig. 3, with asymmetric wall-roughness: βwr = 0.1 (right wall) and βwl = 0.9
(left wall).

in Fig. 3 [(b),(c)] which represents a density field which is inhomogeneous in both x- and ydirections. Note that in Fig. 3 both the walls were assigned the same roughness value (βw = 0.6).
The results obtained for walls with same roughness are in good qualitative agreement with
previous simulations of Liss et al. [33].
To study the effect of wall-roughness on density waves, different values of wall-particle
tangential restitution coefficient (βw ) are assigned to two walls. The particle positions and the
corresponding power spectra are displayed in Fig. 4, for the right wall at βwr = 0.1 (rough)
and the left wall at βlw = 0.9 (smooth). It is observed that the particles are shifted towards the
left wall since it is at a lower granular temperature (i.e. colder) compared to the right wall. It
is noteworthy that the transition to a wavy structure is absent for this parameter combination,
and a plug flow persists till a steady state is reached. So, the power spectrum contains a single
a peak at (kx , ky ) = (0, 1) at all times as seen in the right panels of Fig. 4.
The power spectrum and particle configurations for a larger channel aspect ratio of L/W = 8
are shown in Figs. 5 and 6 for the walls having the same roughness (βwr = βwl ) and different
roughness (βwr #= βwl ), respectively. The channel width is W/d = 31 for both figures. Once
again the structures are shifted towards the rougher (colder) wall when the walls have different
roughness, and in both cases the density waves make a transition from a plug flow, at small
times, to a slug flow, at the steady state. When t is small the power spectrum displays a peak
at (kx , ky ) = (0, 1) indicating a plug flow, and in the steady state an additional peak appears at
(kx , ky ) = (1, 0) indicating a slug flow. Note that a slug corresponds to a density field in which
the dense particle clusters are separated by dilute regions along the stream-wise (x) direction;
the new peak at (kx , ky ) = (1, 0) represents stream-wise density variations since kx #= 0.
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t=4

t = 90

Fig. 5. Same as Fig. 3, but with L/W = 8 (N = 3450). The flow is from left to right.

From the above observations it is clear that the structure formation in GPF is affected due
to the asymmetry in the wall-roughness. The steady state structures at ν = 0.31 with en = 0.85
are summarized as a phase diagram in the (W/d, L/W )-plane in Fig. 7. It is seen from this figure
that while the sinuous wave mode is absent for W/d < 40, it reappears in channels of larger
widths (W/d > 50). To demonstrate the effect of asymmetric wall-roughness on the transition
scenario in channels of large widths, another set of plots for W/d = 65 and L/W = 1, 2 are
displayed in Fig. 8 [(a),(b)]. It is clear that with increasing L/W ratio the steady state structure
of the flow makes a transition from a plug → sinuous wave (Figs. 8(a,b) and eventually to a
slug (not shown) in a wide channel W/d = 65.
One conclusion that we can draw for asymmetric wall roughness is that the “sinuous” wavy
structures do not appear in a narrow channel, with a direct transition from a plug flow to a slug
flow with increasing channel length, however, for a wider channel the flow makes a transition
from a plug → sinuous wave → slug (as in channels with symmetric wall roughness). The
effect of wall-roughness on density wave formation becomes prominent in narrow channels of
width W/d < 40.
3.2 Dense flows: Emergence of varicose density wave
Here we probe the density wave formation in relatively dense flows for which the particle volume
fraction is fixed at ν = 0.5. The tangential restitution coefficient for wall-particle collisions (for
both walls) is set to βw = 0.9 that represents a relatively smooth wall. First we display a series
of steady state particle snapshots in Fig. 9(a–c) by varying the aspect ratio of the channel
(L/W = 1, 3, 6); the channel width is W/d = 55 and the restitution coefficient en = 0.85. The
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Fig. 6. Same as Fig. 5, but with asymmetric wall roughness: βwl = 0.1 (lower wall) and βwr = 0.9
(upper wall). The flow is from left to right.
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Fig. 7. Phase diagram of steady state density waves at ν = 0.31, en = 0.85 for different L/W and
W/d. The right wall has a roughness of βw = 0.9 and the left wall has a roughness of βw = 0.1.

plug formation is evident at a lower aspect ratio, L/W = 1, in Fig. 9(a) and a sinuous wavy
mode is seen in Fig. 9(b) at L/W = 3; interestingly, we observe a varicose-type wavy mode in
Fig. 9(c) at L/W = 6. Note that the density field is symmetric about the channel-centerline
for a varicose mode, but it is asymmetric about the channel-centerline for a sinuous mode. For
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(a)

(b)
Fig. 8. Power spectrum of density field (lef t) and particle positions (right) for ν = 0.31, en = 0.85,
and W/d = 65: (a) N = 1620 and L/W = 1; (b) N = 3355 and L/W = 2. For the right wall βwr = 0.1
(rough wall) and for the left wall βwl = 0.9 (smooth wall).

these parameter combinations with a restitution coefficient of en = 0.85, the density waves
follow a transition: plug → sinuous wave → varicose mode. with increasing channel length.
The above transition scenario changes to plug → sinuous wave → slug, Fig. 10(a–c), when the
restitution coefficient is further lowered to en = 0.5. This latter finding is similar to what has
been observed in moderately dense flows (ν = 0.31).
The phase diagrams of density waves at ν = 0.5 corresponding to en = 0.85 and en = 0.5
are shown in Fig. 11(a) and Fig. 11(b), respectively. When the coefficient of restitution is
en = 0.85, Fig. 11(a), a plug and a sinuous(asymmetric) wave are observed over a wide range
of L/W . However, at larger values of channel width W/d or larger channel length L/W , a new
symmetric density wave (varicose mode) emerges, see the top row and the rightmost column
in Fig. 11(a). It may be noted that the previous simulations of granular Poiseuille flow [33] did
not find such symmetric density waves. Interestingly, the previous linear stability analysis [31]
of granular Poiseuille flow with kinetic theory continuum equations predicts the emergence of
similar symmetric density waves for a range of densities – we will return to this point in Sec. ??
while discussing our stability results.
For parameter combinations of W/d = 70 and L/W = 2 (see Fig. 11(a)), the time evolution
of symmetric/varicose density waves is displayed in Fig. 12. The corresponding time trace of
the average kinetic energy of the particles in Fig. 13 indicates that the flow has reached a steady
state for t > 60; the filled circles in Fig. 13 indicate the time instances at which the particle
positions in Fig. 12 were captured. The regions marked by the dark closed lines in Fig. 12
indicate the presence of dislocation-type faults within the dense region, that arise possibly due
to the emergence of force chains along the gradient direction. It is observed from Fig. 12 that
the varicose mode survives during its time-evolution at steady state. When the above set of
simulations were carried out at a lower restitution coefficient of en = 0.5, the varicose mode
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(a)

(b)

(c)

Fig. 9. Snapshots of particle positions at steady state for W/d = 55, ν = 0.5 and en = 0.85 with
different aspect ratios of the channel: (a) L/W = 1, (b) L/W = 3, (c) L/W = 6. The flow is from left
to right.

(a)

(b)

(c)

Fig. 10. Same as Fig. 9, but with en = 0.5 and W/d = 50. The flow is from left to right.

disappeared and the density waves display a transition from a plug to a sinuous wave and finally
to a slug with increasing L/W ratio at ν = 0.5, as seen in Fig. 11(b).
The important finding of our work in dense flows is the identification of a new varicose
(symmetric) density wave in wide/long channels at moderate dissipations.
3.3 Dilute flows: clumps/slugs
Lastly, we present a few results on structure formation in dilute flows for which we set the
particle volume fraction to ν = 0.05. Generally, the formation of clusters is weak in dilute flows,
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Fig. 11. Phase diagram of steady state density waves in the (L/W, W/d)-plane at ν = 0.5, with wall
roughness being set to βwr = 0.9 = βwl . (a) en = 0.85 and (b) en = 0.5.

(a)

(b)

Fig. 12. Instantaneous positions of the particles at two different times (a) t = 100 and (b) t = 114.
The parameter values are N = 6240, ν = 0.5, en = 0.85, βw = 0.9, W/d = 70 and L/W = 2 . The flow
is from the left to right.

so in order to enhance their growth we increase the system size by considering channels of large
aspect ratios L/W . Even for large system sizes with N ∼ 25000, the dynamics of density waves
is found to be poor compared to those at moderately dense and dense flows. Some of these
results are presented in the following.
In Figs. 14(a) and 14(b) the instantaneous particle positions at steady state are shown for
a channel width of W/d = 50 with aspect ratios of L/W = 50 and L/W = 70. The restitution
coefficient is set to en = 0.5, and both walls have the same tangential restitution coefficient
βw = 0.9 (smooth wall). The corresponding power spectrum (not shown) of the density field
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Fig. 13. Time evolution of average kinetic energy of the particles for ν = 0.5, en = 0.85, βw = 0.9,
W/d = 70 and L/W = 2. The density waves at time instances indicated by circles are shown in Fig. 12.

(a)

(b)

Fig. 14. Snapshots of particle positions at steady state for ν = 0.05, en = 0.5, βw = 0.9 and W/d = 50
with (a) L/W = 50 (N = 7960) and (b) L/W = 70 (N = 11140). The flow is from left to right. Note
that these plots are not to scale.

shows dominant peaks along the kx -axis that indicate the presence of clumps of particles along
the x-direction, which is also evident from the snapshots of particle positions in Fig. 14. In fact,
the clumps are similar to slugs since both are characterized by density inhomogeneities along
the stream-wise (x) direction; the distinguishing feature between a clump and a slug is that the
size of a slug is comparable to the simulation box, whereas a clump is relatively much smaller
in size.
For a range of channel widths W/d and aspect ratios L/W , we have found that the structure
formation in dilute GPF resembles only clumps as it is clear from the phase diagram in Fig. 15.
Changing the wall-roughness does not change this qualitative nature of structure formation in
dilute flows. We have also found that the effect of asymmetric wall-roughness on the structure
formation in dilute flows (not shown) is simply to shift the clumps towards the colder (i.e.
rougher) wall, see Fig. 16. This effect is similar to that in moderately dense flows.
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Fig. 15. Phase diagram of steady state structures in the (W/d, L/W )-plane at ν = 0.05 and en = 0.50.
Both the walls are assigned the same value of roughness (βwr = βlr = 0.9).

(a)

(b)

Fig. 16. Same as Fig. 14, but with asymmetric wall roughness: βwr = 0.9 (upper wall) and βwl = 0.1
(lower wall). The flow is from the left to right. Note that these plots are not to scale.

4 Theory: Linear stability analysis
4.1 Governing equations and boundary conditions
The kinetic theory continuum models [6–13,15–17] have been reasonably successful to capture
many dynamical features of granular gases under a variety of driving conditions. At the continuum level, we deal with coarse-grained (‘hydrodynamic’) field variables, obtained via suitable
averaging of various particle-level properties. Let u and v be the velocity components along the
stream-wise (x) and wall-normal (y) directions, respectively (see Fig. 1). In the rapid granular
flows, in addition to the velocity-field u = (u, v)T and the mass density % = ρp ν, the granular
temperature T , which is a measure of the fluctuation kinetic energy of particles, is treated as a
separate hydrodynamic variable.
√
Using the channel
width LR = W as the length scale, UR = gW as the velocity scale and
!
tR = LR /UR = W/g as the time scale, the dimensionless mass balance, momentum balance
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and granular energy equations take the following form
Dν
= −ν (∇ · u),
Dt
" #2
d
Du
ν
= νex −
∇ · Σ,
Dt
W
" #2
d
3 DT
∇·q − Σ : ∇u − D.
2 ν Dt = − W

(5)
(6)
(7)

where D/Dt = ∂/∂t + u · ∇ is the material derivative and ex the unit vector along the direction
of the gravity (x-direction). In the above, we have used the reference scales for the granular temperature, stress tensor (Σ), granular heat flux (q) and collisional dissipation (D) as UR2 (d/LR )2 ,
ρp UR 2 (d/LR )2 , ρp UR 3 (d/LR )4 and ρp UR 3 (d/LR )3 /d, respectively.
The dimensionless forms of the stress tensor and the granular heat flux, respectively, are:
Σ = (p − ζ∇ · u) I − 2µS and q = −κ∇T,

(8)

where S = 12 (∇u + ∇uT ) − 13 (∇ · u)I is the deviatoric strain tensor and I the identity tensor.
The related transport coefficients in dimensionless forms are:


p(ν, T ) = f1 (ν) T,
µ(ν, T ) = f2 (ν) T 1/2


2
1/2
(9)
ζ(ν, T ) = f3 (ν) T , λ(ν, T ) = (ζ − 3 µ)


1/2
3/2 
κ(ν, T ) = f4 (ν) T , D(ν, T ) = f5 (ν, en ) T .

where f1 − f5 are dimensionless functions of density (ν) whose explicit functional forms can be
found elsewhere [37]; note that the collisional dissipation term D depends on the particle-particle
restitution coefficient (en ). The contact radial distribution function is taken to be
χ(ν) =

1
1 − (ν/νm )1/3

(10)

that diverges at the random close packing limit (νm = 0.65).
Before proceeding to boundary conditions, we make a few comments about the choice of our
constitutive model which is strictly valid in the quasi-elastic limit (en → 1). There are other
models [13] which do not make any explicit assumption about the smallness of inelasticity,
however, they do invoke the smallness of hydrodynamic gradients, leading to Navier-Stokestype constitutive relations. In fact, at the Navier-Stokes-order the assumptions of (i) small
gradients of hydrodynamic fields and (ii) small inelasticity are closely tied [10] to each other.
Note that a Dufour-like term (proportional to the density gradient) in the constitutive relation
of heat flux in Eq. (8), which is a higher-order term, has been omitted in the present work. The
effect of this additional term on the stability of plane Couette flow [37,38] has been thoroughly
studied and was found to be negligible. In the expression for collisional dissipation (D) in Eq. (9),
a contribution proportional to the divergence of the velocity field has also been neglected in
the present work. For Poiseuille flow, the effects of such additional terms and/or more correct
constitutive relations (valid for any inelasticity and density) need to be checked in future.
The continuum boundary conditions on velocity and granular temperature are taken from
the heuristic theory of Hui et al. [39] and have been detailed many previous works [31,37]. The
dimensionless form of the velocity boundary condition is
" #
W
us
us w
·Σ·n =
·S .
(11)
|us |
d |us |
which represents a balance of momentum at the wall. Here Σ is the ‘fluid’ stress tensor, Sw is the
tangential momentum flux at the wall, n the unit normal from the wall directed into the particle
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assembly, and us = u − uw the wall-slip, with u being the velocity of the granular material in
contact with the wall and uw the wall velocity. Similarly, the dimensionless boundary condition
on granular temperature is
n·q =

" #
" #3
W
W
us ·Sw −
Dw .
d
d

(12)

The first term on the right-hand side represents the production of granular energy due to wallslip, and the second term represents its dissipation due to inelastic grain-wall collisions. Simple
functional forms of the tangential momentum flux, Sw , and the dissipation rate per unit area,
Dw , are [37]
√
φ 3πνχ(ν)T 1/2 us
S =
6νm
w

and

w

D =

√

3πνχ(ν)T 3/2 (1 − e2w )
.
4νm

(13)

Here φ is the specularity coefficient which characterizes the large-scale roughness of the wall, and
its value varies between zero for perfectly specular collisions (representing a perfectly smooth
wall) and unity for perfectly diffuse collisions (representing a perfectly rough wall); ew is the
coefficient of restitution for particle-wall collisions. There is a net flow of energy from the wall
to the bulk if the production term in Eq. (12) exceeds the collisional dissipation term for which
case the wall acts as a source of granular energy. On the other hand, the wall acts as a sink of
granular energy if the collisional energy dissipation exceeds its production in Eq. (12).

4.2 Base state and linear stability analysis
The base state for GPF corresponds to the steady [∂/∂t(·) = 0], fully developed [∂/∂x(·) = 0]
version of the above governing equations. The resulting set of three ordinary differential
equations, along with boundary conditions, have been solved numerically using Runge-Kutta
method. The linear stability of such steady GPF is investigated here. The related mathematical
exercise is straightforward and is documented elsewhere [37]. The base state is perturbed by infinitesimal perturbations; for example, the density field is written as ν(x, y, t) = ν 0 (y)+ν ! (x, y, t)
(other field variables are decomposed in a similar fashion) where ν 0 (y) corresponds to the density of the base state (which is steady but has variation along the wall-normal direction) and
ν ! (x, y, t) is its perturbation which is assumed to be infinitesimally small, i.e. |ν ! (x, y, t)/ν 0 | ( 1.
These decomposed fields are inserted into the governing equations and linearized about the base
state, leading to a set of four linear partial differential equations for the perturbed variables ν ! ,
u! , v ! and T ! .
Owing to the translational invariance of the linear stability equations in time (t) and xdirection, we can seek normal mode solutions of the form:
[ν ! , u! , v ! , T ! ](x, y, t) = [ν, u, v, T ](y) exp(ikx x + ωt).

(14)

Here kx is the wavenumber along the periodic stream-wise direction and ω = ωr + iωi is the
complex frequency. The flow is said to be stable, neutrally stable and unstable if ωr < 0, = 0
and > 0, respectively. The wave is a stationary mode if ωi = 0 and a travelling mode if ωi #= 0:
the phase velocity of the travelling wave is cph = ωi /kx
Inserting the normal-mode ansatz (14) into the linear stability equations yields a set of four
ordinary differential equations in y. These equations are discretized along the gradient direction using Chebyshev spectral collocation technique [37,38], leading to an algebraic eigenvalue
problem, AX = ωBX, with ω being its eigenvalue and X = (ν, u, v, T )T the corresponding
eigenfunction. This is solved using the QR-algorithm of MATLAB-software, yielding both ω
and X. Out of 4M number of eigenvalues (where M is the degree of the Chebyshev polynomial), we are interested about the one having the largest growth rate, ωrl = max ωr , called the
least-stable mode.
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Fig. 17. Variations of (a) the growth rate and (b) the phase velocity of the least stable mode with
wavenumber. Parameter values are set to ν = 0.05, W/d = 50 and en = 0.9. The solid line corresponds
to boundary conditions of zero-slip and adiabatic walls; the dashed and dot-dashed lines non-adiabatic
boundary conditions with φ = 0.1 (smooth walls) and 0.9 (rough walls), respectively.

4.3 Stability results and qualitative comparison with simulation
Figures 17(a) and 17(b) show the variations of the growth rate of the least stable mode (ωrl =
max ωr ) and its phase velocity (cph = ωi /kx ) with wavenumber kx . The parameter values
correspond to a typical dilute flow at ν = 0.05, with a channel width of W/d = 50 and
the restitution coefficient en = 0.9. The black solid lines in Fig. 17 correspond to boundary
conditions of zero-slip (us = 0) and zero heat-flux (∂T /∂y = 0)– this will henceforth be referred
to as adiabatic boundary conditions. The dashed and dot-dashed lines in Fig. 17 correspond
to non-adiabatic boundary conditions, Eqs. (11) and (12), with the value of the specularity
coefficient being set to φ = 0.1 (smooth wall) and 0.9 (rough wall), respectively. We observe
that the growth rate curves for adiabatic (solid line) and rough (dot-dashed line) walls almost
overlap with each other and the corresponding phase-velocity curves in Fig. 17(b) also closely
follow each other; for both cases, the maximum growth rate corresponds to the first hill on
each growth rate curve. When the walls are made smooth (φ = 0.1), the maximum growth rate
comes from the second hill on growth-rate curve and its location is shifted to a much lower value
of kx . The kink on each growth rate curve in Fig. 17(a) corresponds to a switchover/crossing of
two different modes at some value of kx , and this mode-crossing is signaled by a discontinuous
jump in the phase velocity as seen in Fig. 17(b). It is noteworthy that the overall variation of
the least stable mode with kx remains similar irrespective of the choice of boundary conditions.
This observation is similar to the previous findings of Wang et al. [31] on GPF. Since the
adiabatic/non-adiabatic boundary conditions do not introduce any new instability mode in the
present flow, in the following we present instability results that pertain only to adiabatic wall
conditions.
Let us now look at the eigenfunctions of the least stable modes. Figures 18(a) and 18(b)
display the patterns of perturbation density field [ν ! (x, y)] in the (x/λx , y/W )-plane for the
two peaks on the solid curve (adiabatic wall boundary conditions) in Figs. 17(a), respectively.
On the grey scale, black represents maximum density and white minimum; the contours are
drawn at equal intervals of particle volume fraction. In Fig. 18(a) there is a row of particle
clusters for which the density field is symmetric around the channel centerline – this represents
a symmetric/varicose density wave that corresponds to the first peak on the growth rate curve
in Fig. 17(a). The particle clusters in Fig. 18(b) are arranged asymmetrically around the channel
centerline – this represents an asymmetric/sinuous density wave that corresponds to the second
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Fig. 18. Density eigenfunctions for the least stable mode in the (x/λx , y/W )-plane at (a) kx = 2.2
and (b) kx = 4.9. Parameter values are as in Fig. 17. In gray scale, the black denotes maximum density
and white denotes minimum.

peak on the growth rate curve in Fig. 17(a). Note that the x-coordinate has been normalized by
one wavelength (λx ) and hence each density pattern in Fig. 18 should be stretched by a factor
2π/kx to ascertain its true orientation. We recall from Fig. 17(b) that the symmetric modes have
larger phase velocities than the asymmetric modes; the phase velocity of the symmetric mode in
Fig. 18(a) is cph ≈ 5.61 and that of the asymmetric mode in Fig. 18(b) is cph ≈ 4.23. Comparing
these phase velocities with the maximum velocity of the base state (Umax ≡ u0 (y = 1/2) ≈ 5.28
that occurs at the channel centerline), we conclude that while the symmetric mode of Fig. 18(a)
propagates at a faster speed that the background mean velocity, the asymmetric mode of
Fig. 18(b) propagates at a slower speed than the mean flow. This observation holds at other
parameter combinations too. Therefore, we refer to the asymmetric and symmetric density
modes as the slow and fast modes, respectively.
At ν = 0.05, the stability diagram in the (W/d, kx )-plane, with contours of positive growth
rates of the least stable mode, is displayed in Fig. 19; the zero growth-rate contour (ωr = 0)
delineates the regions of stable and unstable flows. The kinks on the growth-rate contours in
Fig. 19 suggest that there are two distinct instability lobes: while the lower-one (adjoining the
kx = 0 axis) represents the symmetric modes of the form as in Fig. 18(a), the upper-lobe (at
kx > 2) represents the asymmetric modes of Fig. 18(b). It is observed that the growth rates
of asymmetric modes are larger than their symmetric counterparts. So far we have presented
results for a dilute flow (ν = 0.05). To see what happens at larger densities, we show a stability
diagram in the (ν, kx )-plane in Fig. 20; the channel width has been fixed at W/d = 50, with other
parameters as in Fig. 19. For ν < 0.3, there is a large instability loop in the (ν, kx )-plane that
is made of two different instability modes: by looking at the respective density eigenfunctions
we have found that the lower part of this instability loop belongs to the symmetric modes and
the upper part to the asymmetric modes as discussed in the above. That the growth rates of
asymmetric modes are larger than their symmetric counterparts seem to hold for a range of
ν. For parameter combinations of Fig. 20, the density eigenfunctions at any ν < 0.3 resemble
those in Fig. 18.
Returning to our simulation results, we note that the density eigenfunction in Fig. 18(b)
closely resembles the sinuous density waves that have been observed in molecular dynamics
simulations for a range of mean densities. Furthermore, it is tempting to identify the varicose
density mode in 18(a), showing density variations along the axial direction around the channel
centerline, with the slug flow in our simulations. It should be noted, however, that the slug flow
could also result from the nonlinear saturation of the sinuous density mode since in most of our
simulations the slug-formation appears once the flow has undergone a transition to the wavy
regime.
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Fig. 19. Stability diagram in the (W/d, kx )-plane, displaying contours of positive growth rates (ωr ≥ 0),
for ν = 0.05 and en = 0.9.

In Fig. 20, there is a disjointed instability loop for denser flows ν > 0.3, spanning a relatively
smaller range of wavenumber kx . To characterize this instability region, we set the particle
volume fraction at ν = 0.4 (representing a dense flow) and show the variations of the growth
rate and the phase velocity of the least stable mode in Fig. 21(a) and 21(b), respectively. The
density eigenfunction corresponding to the maximum growth rate, that occurs at kx ≈ 0.13, is
shown in Fig. 21(c). There are two rows of particle clusters, located symmetrically around the
channel centerline – this is again a symmetric density mode. This symmetric mode propagates
at a phase velocity of cph ≈ 8.38 which is slower than the maximum velocity of the underlying
mean flow (Umax ≈ 11.91).
Comparing Fig. 21(c) with Fig. 18(a), we find that the structure of the symmetric mode in
dense flows is qualitatively different from the one (Fig. 18(a)) that is active at lower values of
the mean density (ν < 0.3, cf. Fig. 20). The density field in Fig. 21(c) closely resembles the
varicose/symmetric density waves (Fig. 12) that we have uncovered in dense flows. Another
distinguishing feature of the high-density symmetric mode is that it propagates at a slower
speed than the background mean flow in contrast to the symmetric modes at low-to-moderate
densities that propagate at a faster speed than the mean flow.

5 Summary and outlook
The dynamics of density waves in gravity-driven granular Poiseuille flow is very rich for a
range of densities. At moderate densities the density waves have three different structures: a
plug, a sinuous wave and a slug. The range of channel aspect ratio L/W values over which
a plug/sinuous-wave/ slug exists depends on the channel width W/d. Generally a transition
from a plug to a sinuous-wave occurs at moderate values of L/W , and then from a sinuous
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Fig. 20. Stability diagram in the (ν, kx )-plane, displaying contours of positive growth rates (ωr ≥ 0),
for W/d = 50 and en = 0.9.

wave to a slug at large L/W . In dense flows with moderate values of restitution coefficient
(en ∼ 0.8), a new symmetric wave mode (varicose mode) has been found for which the density
field is symmetric about the channel centerline. However, at larger dissipation levels (en = 0.5)
in dense flows this varicose wave mode disappeared, and the density waves undergo a transition
from a plug to a sinuous-wave and finally to a slug with increasing L/W . Lastly, in the dilute
limit the particles form small clumps having no distinct features over a large range of channel
widths and lengths.
The effect of wall-roughness on structure formation was studied by specifying the roughness
of two walls (βw , the tangential restitution coefficient for wall-particle collisions) the same value
(i.e. symmetric wall roughness) and different values (i.e. asymmetric wall roughness). The effect
of symmetric wall roughness on density waves was found to be mild, however, in the case of
asymmetric wall roughness the density waves were pushed towards the smoother (colder) wall.
More importantly, the asymmetric wall roughness significantly affects the dynamics of density
wave formation in narrow channels (W/d < 40) in the sense that the sinuous wavy mode was
found to disappear when the channel width was made smaller.
A qualitative picture of different types of steady state structures in GPF (with symmetric
wall roughness) is presented as a three-dimensional phase diagram in the (Density, Width,
Length)-space in Fig. 22. The (L, W )-plane represents the dilute limit ν → 0, the (L, ν)-plane
represents the limit of narrow channels W → 0, and the (ν, W )-plane represents the limit of
short channels L → 0. In the dilute limit no distinct steady state structures were found except
the clump formation, so the (L, W )-plane is labeled as clump. At small values of L → 0 or
W → 0 plugs were observed, so the (ν, W )- and (L, W )-planes are labelled as plug. The section
considered in Fig. 22 shows the structures at intermediate densities that display a transition
from plug → sinuous wave → slug with increasing channel length (L) or width (W ). Note
that the wavy modes are found to be most prominent at moderate densities. With decreasing
density the size of the wavy region decreases, but the size of the slug region increases in the same
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Fig. 21. Variations of (a) the growth rate and (b) the phase velocity of the least stable mode with
wavenumber. (c) Density eigenfunction for the least stable mode at kx = 0.13. Other parameters are
ν = 0.40, W/d = 50 and en = 0.9.

limit, eventually degenerating into a clump in the dilute limit ν → 0. On the other hand, with
increasing density, the sizes of the slug and wavy regions (both sinuous and varicose modes)
decreases but the size of the plug region increases, leading a solid plug in the close-packing limit.
Lastly, we recall that the major effect of asymmetric wall-roughness on density waves is the
absence of sinuous wavy modes for narrow channels (i.e. W is small), with a direct transition
from plug → slug with increasing channel length – this is depicted schematically in the upper
inset of Fig. 22. Other features of the phase diagram remain same, irrespective of whether the
wall-roughness is symmetric or asymmetric.
The simulation results on density waves have been compared qualitatively with predictions
from the linear stability analysis of kinetic theory continuum equations. The theory predicts
the onset of two basic types of density waves: an asymmetric mode and symmetric modes. The
asymmetric mode is referred to as slow mode since it propagates at a slower speed than the
background mean flow. The density eigenfunction of the asymmetric mode closely resembles
the sinuous density waves that have been observed in simulations for a range of mean densities.
Two types of symmetric density modes have been identified in stability analysis: (i) one that
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Fig. 22. A qualitative phase diagram of steady state density waves in granular Poiseuille flow. The
upper inset shows a typical phase-diagram in the (W, L)-plane at a moderate density when the two
walls have different roughness (i.e. asymmetric wall-roughness).

appears at low-to-moderate densities for which the density eigenfunction contains a single row
clusters along the channel centerline (see Fig. 18(a)), and (ii) the other that appears in dense
flows for which there are two rows of particle clusters located symmetrically away from the
channel centerline (see Fig. 21(c)). While the former symmetric mode looks similar to slug
flows in simulations, the latter “dense” symmetric mode closely resembles the varicose density
wave that we have uncovered in dense flows. Another distinguishing feature of the high-density
symmetric mode is that it propagates at a slower speed than the background mean flow in
contrast to the symmetric modes at low-to-moderate densities that propagate at a faster speed
than the mean flow. In contrast to the linear stability theory that predicts the presence of both
sinuous and varicose wavy modes in dilute flows, our simulations suggest the presence of only
clumps/slugs. This could be a consequence of Burnett-order normal-stress effects [35,40,41]
that are known to be significant in dilute flows, inappropriate boundary conditions [35] and/or
nonlinear effects [42]. These issues need to be investigated in future.
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